The generalized tight-binding model is developed to investigate the magnetoelectronic properties in twisted bilayer graphene system. All the interlayer and intralayer atomic interactions are included in the Moire superlattice. The twisted bilayer graphene system is a zero-gap semiconductor with double-degenerate Dirac-cone structures, and saddle-point energy dispersions appearing at low energies for cases of small twisting angles. There exist rich and unique magnetic quantization phenomena, in which many Landau-level subgroups are induced due to specific Moire zone folding through modulating the various stacking angles. The Landau-level spectrum shows hybridized characteristics associated with the those in monolayer, and AA & AB stackings. The complex relations among the different sublattices on the same and different graphene layers are explored in detail.
Introduction
The achiral and chiral geometric structures play the critical roles in diversifying the essential properties, so they are one of the main-stream topics in basic researches [1, 2] , as well as highly potential applications [3] . A cylindrical carbon nanotube could be regarded as a rolled-up graphitic sheet; therefore, its structure is well characterized by two primitive vectors of monolayer graphene [1] . About twenty years ago, the hexagonal geometries and low-energy electronic properties of 1D single-walled carbon nanotubes are accurately identified from the simultaneous high-resolution measurements of STM and STS [4] . The close relations between the chiral angle [the arrangement of hexagons relative to the tubular axis] and the metallic/semiconducting behavior are thoroughly examined by the delicate experiments, directly verifying the theoretical predictions by the tight-binding model [5, 6] and first-principles calculations [7, 8] . That is, the low-lying π-electronic states in a carbon nanotube is sampled from those of monolayer graphene through the periodical boundary condition. However, the misorientation of 2p z orbitals and their hybridizations with three σ orbitals, which appear in very small cylindrical surfaces, have very strong effects on the low-energy fundamental properties. The experimental examinations on the conducting or semiconducting behaviors have confirmed the critical mechanisms, the periodical boundary condition and the curvature effects [9] . The similar geometric structures come to exist in the both ends of 1D graphene nanoribbons with the open boundary conditions [10] . The zigzag, armchair and chiral edge structures are clearly classified under the distinct STM experiments [4] . Also, all of them are confirmed to be semiconductors, in which their energy gaps are inversely proportional to the nanoribbon widths [4] , as predicted by the theoretical calculations [5] . The semiconducting properties are principally determined by the open boundary, the non-uniform bond lengths/hopping integrals near two boundaries, and the zigzag-edge magnetism.
The twisted bilayer graphene systems have been successfully generated in experimental laboratories through the various methods, such as, the mechanical exfoliation [11] , the chemical vapor deposition method [12, 13] , and transfer-free method [14] . There exists a relative rotation angle [θ] between two honeycomb lattices, being clearly identified from the high-resolution STM measurements [15] [16] [17] . This significant parameter represents a specific Moire superlattice corresponding to an unit cell much larger than that [four carbon atoms] of the AA and AB stackings. Since two graphene layers are attracted by the van der Waals interactions, the low-energy essential physical properties are expected to be dominated by the very complicated interlayer hopping integrals of C-2p z orbitals in the absence of spin-orbital couplings. Furthermore, more pairs of valence and conduction bands will come to exist under the critical zone-folding effect. The rich and unique electronic structures are confirmed by the ARPES [18, 19] , e.g., the coexistence of linear and parabolic energy dispersions in symmetry-broken bilayer graphene systems [18] , and the semiconducting or semi-metallic behaviors [19] . However. the further experimental examinations are required to identify more valence subbands in the reduced first Brillouin zone.
Both STS [16, 17] and transport experiments [20] on twisted bilayer graphenes could provide enough information on the low-energy physical properties. The former directly measure the band properties/magneto-electronic ones across the Fermi level and the structures of van Hove singularities [the local maxima & minima, and the saddle points in the energy-wave-vector space]; that is, they are useful in identifying the complex effects due to the Moire superlatices and the external fields. Up to date, the experimental results clearly show three kinds of van Hove singularities, the V-shaped structure, shoulder, and prominent symmetric peaks at the negative and positive energies [16, 17] , being very sensitive to the twisted angles. Obviously, such measurements indicate the different low-lying energy dispersions/critical points. The unusual energy bands, being due to the zone-folding effects, will be magnetically quantized to the rich and unique Landau levels. In addition, the STS and optical measurements on the magneto-electronic density of states are absent.
Moreover, the quantum transport experiments display the Hall conductivities in analogy with those of bilayer AB stacking or the superposition of two monolayer graphene systems.
Very interesting, certain twisted bilayer graphenes, with magic angles of ∼ 1.1
• (relative to the bilayer AA stacking) [2] , are identified to become the unusual superconductors under a low critical temperature [T c ∼ 1.7 K. It might need to develop the modified theoretical frameworks for the unique superconducting phenomena in emergent layered materials.
On the theoretical progress of twisted bilayer graphene systems, the first-principles method [17] , the effective-mass approximation [21, 22] , the tight-binding model [23] are available in exploring their essential properties. An optimal geometric structure, with the lowest ground state energy, can only be determined by the numerical VASP calculations [17] ; that is, the complete relation between the total energy and the twisted angle is obtained under such evaluations. These three manners might be suitable/reliable in investigating band structures and density of states. In general, the calculated results are roughly consistent with the ARPES measurements, e.g., the modified linear dispersions and the emergence of parabolic dispersions [18, 19] . Furthermore, they clearly show that the band-edge states [the critical points in the energy-wave-vector space] create the V-shape form, shoulder and logarithmically divergent peaks, respectively, corresponding to the linear Dirac cone, the local maxima/minima and the saddle points. Such van Hove singularities have been identified from the high-resolution STS measurements [discussed earlier;
Ref [17] ]. The main features of electronic properties are directly reflected in optical spectra, such as, the number, frequency, and intensity of prominent absorption structures [24] . The optical spectroscopies are required to verify the theoretical predictions. However, it will be very difficult to investigate the twist-enriched magnetic quantization, mainly owing to the Moire superlattice with the complex interlayer hopping integrals. Only few studies by the effective-mass approximation and the tight-binding model are conducted on the electronic structure and Hall conductivities, e.g., the fractal energy spectrum [25] , the magnetic-fielddependent butterfly diagram [the Aharonov-Bohm effect [23] ], and quantum plateaus with the normal/irregular heights [20] . Apparently, one of the studying focuses, the characteristics of magnetic wave functions, are absent up to date, since their spatial distribution symmetries will dominate the magneto-selection rules in dynamic optical transitions and static scattering events. In short, the systematic investigations on the geometric symmetries, electronic properties, optical excitations, and magneto-electronic states are critical in providing a full understanding of the geometry-diversified physical phenomena for twisted bilayer graphene systems. Maybe, the further development of the generalized tight-binding model and its direct combination with the other modified theories are the most efficient way, as discussed in the following paragraphs.
From the theoretical point of view, the generalized tight-binding model and the gradient approximation are available in fully understanding the essential electronic and optical
properties. For twisted bilayer graphene systems, the low-energy electronic structures, van
Hove singularities in density of states, optical absorption spectra, and magneto-electronic states, which are greatly diversified by the composite effects due to the zone folding, the twist-dependent interlayer hopping integrals, the stacking symmetries, the gate voltages, and the magnetic fields, will be investigated in detail. As to the low-energy physical properties, the studying focuses cover the semimetallic or semiconducting property across the Fermi level, the linear/parabolic/oscillatory energy dispersions, the gate-voltage-dominated state degeneracy, the creation of more band-edge states, the distinct special forms of 2D
van Hove singularities, the twisting-enriched optical absorption spectra [the threshold and higher-frequency excitation structures], the pair/group number of valence and conduction bands/Landau levels, and the B z -and V z -dependent magneto-electronic energy spectra and wave functions with the non-crossing, crossing and anti-crossing behaviors. Also, the concise physical pictures, being associated with to the significant cooperations/competitions among the zone-folding effect, the distinct interlayer hopping integrals, the gate voltages and the magnetic fields, are proposed to account for the diverse physical phenomena. A detailed comparison with the sliding bilayer graphenes is made, clearly illustrating the significant differences in fundamental properties as a result of the distinct stacking symmetries.
Electronic properties in the absence/presence of gate voltages
The specific geometry of a twisted bilayer graphene can be well defined by the primitive lattice vectors of honeycomb lattices, as done for any single-walled carbon nanotubes [1] .
It is characterized by the relative rotation angle [θ] and translation vector between two graphitic sheets. The primitive unit cell of the commensurate graphene bilayer structure is clearly shown in Fig. 1 , corresponds to the least common multiples of the two distinct graphene layers. The primitive unit vector G 1 expressed as
2 .
Furthermore, the G 2 has the same magnitude, but presents a relative rotation angle of 60
• . Both a 1 and a 2 are unit vectors of a honeycomb, in which the superscripts represent the first and second layers. Through the specific relation among them [22] , the iden- The low-energy tight-binding model, which mainly originates from the intralayer & interlayer atomic interactions of carbon-2p z orbitals, is expressed as
where c + (R i ) and c(R j ) are creation and annihilation operators at positions R i and R j , respectively. The various hopping integrals are characterized under the empirical formula layer numbers [29] , stacking configurations [29] , substrates [31] , and adatom/molecule chemisorptions [32] . The rich and unique electronic energy spectra cover the 1D parabolic energy subbands with the specific energy spacings and band gap in graphene nanoribbons [27] , the downward valence Dirac cone in monolayer graphene [31] , two pairs of 2D parabolic bands in bilayer AB stacking [18] the coexisting linear and parabolic dispersions in symmetry-broken bilayer graphenes [18] , the linear and parabolic bands in tri-layer ABA stacking [29] , the linear, partially flat and sombrero-shaped bands in tri-layer ABC stacking [29] , the substrate-induced large energy spacing between the π and π * bands in bilayer AB stacking [30] , the substrate-induced oscillatory bands in few-layer ABC stacking [31] , the semimetal-semiconductor transitions and the tunable low-lying energy bands after the molecule/adatom adsorptions on graphene surface [32] , the 3D band structure, with the bilayer-and monolayer-like energy dispersions, respectively, at k z = 0 = 0 and 1 [K and H points in the 3D first Brillouin zone] and the strong wrapping effect along the KH axis, for the AB-stacked [Bernal] graphite [28] . Specifically, the theoretical predictions on the low-lying valence bands of the twisted bilayer graphene systems are verified by the delicate ARPES analysis and examinations, such as the valence Dirac-cone structure of the K-point valley and the parabolic dispersions near the saddle M-point [23] . The other stable valleys superposition of the layer-and sublattice-dependent four tight-binding functions [26] . As a result, the available excitation channels only originate from the same Dirac-cone structure, in which their diploe moments are roughly same with that of monolayer graphene [26] .
That is to say, the inter-Dirac-cone vertical transitions are forbidden during the vertical optical excitations, mainly owing to vanishing dipole matrix elements. The first and second Dirac-cone structures, respectively, possess the band-overlap-induced free holes and electrons; therefore, the Fermi-Dirac distribution functions will dominate the threshold absorption frequency and structure. From the analytic energy spectrum of the bilayer AA stacking [33] , its optical gap, being accompanied with the initial shoulder structure, is examined to be approximately double of that the vertical interlayer hopping integral [∼ 2γ 1 ; [33] ]. The absorption gap is gradually enhanced by the external gate voltages, The comparable absorption frequencies are predicted for the AA-stacked graphenes with the even layer numbers. However, the N -odd few-layer systems have the zero threshold fre-quency, since the Dirac point of the middle cone structure touches with the Fermi level. For example, the trilayer material presents the composite absorption spectra of monolayer and bilayer ones. Apparently, the low-and middle-frequency optical citations are, respectively, dominated by the electronic states close to the K and M points.
The θ = 60
• bilayer AB stacking, as illustrated in Fig. 6(b) , clearly displays the unique absorption spectra. According to band structure in Fig. 2(b) , the vertical threshold excitations are closely related to the first pair of parabolic valence and conduction bands across the Fermi level. Their dipole matrix elements near the band-edge states are finite, so that both optical and band gaps are zero. Specifically, those, which are due to the second pair of parabolic energy dispersions, do not create the finite contribution, i.e., the absence of absorption shoulder structure at ω ∼ 2γ 1 . However, there is a broadened discontinuity, being revealed at ω γ 1 . This specific shoulder structure arises from the band-edge-state excitations of the first/second valence band and the second/first conduction one. In addition, an optical gap is presented when the external gate voltage is sufficiently large [26] . The vertical optical excitations are greatly enriched by the external gate voltages through the strong cooperations/competitions between the layer-dependent hopping integrals and Coulomb potential energies, e.g., the V z -modified absorption spectra of the (1, 2) bilayer system. The optical gap of the AA bilayer stacking is getting large in the increment of V z [the dashed red curve in Fig. 9 ], mainly owing to the enlarged energy spacing of two vertical Dirac points. As for the bilayer AB stacking, the threshold absorption frequency is required to match with the opening of energy gap [the dashed blue curve in Fig. 9 ]; that is, it is associated with the specific semimetal-semiconductor transition, as identified in the experimental transport measurements [34] . Very interesting, the unusual semiconductor-semimetal transition in any twisted bilayer systems [e. g., the (1,2) system in Fig. 4 ], creates an optical gap even in the presence of gate voltages, as clearly illustrated The optical absorption [35] , transmission [36] , and reflection [37] spectroscopies are available in examining the theoretical predictions on the vertical transitions. Up to date, the high-resolution measurements on bilayer graphene systems have confirmed the rich absorption structures only for the AB stacking, covering the ∼ 0.3-eV shoulder structure under a vanishing field [36] , the semimetal-semiconductor transition and two low-frequency asymmetric peaks for the sufficiently large gate voltages, and two rather strong π-electronic absorption peaks at middle frequency [36] . The delicate optical experiments are required to verify the theoretical predictions for the θ = 0 • and 60
• twisted bilayer graphenes, e.g., the zero threshold frequency for any systems, the initial prominent absorption peaks strongly depending on θ, the other higher-frequency excitation structures, the gate-voltage-created optical gaps similar to the AA case, and the V z -enriched/modified transition channels. Such optical ions, as done by the ARPES and STS measurements, clearly identify the composite effects due to the zone folding and complex interlayer hopping integrals in the Moire superlattices. They present three specific relations. First, the lower layer, as shown by the red dots,] only has the 2/6 localization probability distributions with the n and n − 1 modes for the A Fig. 12(c) ], as done for the V z = 0 case [ Fig. 12(b) ]. It is also noticed that few lattice positions, with the AB stacking configuration, will lead to the destruction of the ± 1 mode difference for the nearest sublattices on the same layer, e.g., those of the 10 & 9 sites [the first row in Fig. 13 ; the black dots in Figs The main features of magneto-electronic energy spectra and wave functions are reflected in density of states, absorption spectra, Hall transport conductivities, and magnetoplas-mon modes, where the essential properties are worthy of the further theoretical calculations.
For example, the frequent Landau-level crossings and/or anti-crossings might be created through the unusual dispersion relations near the saddle M points [e.g., Figs. 2(c) and
Obviously, this will lead to the abnormal delta-function-like van Hove singularities in terms of the magnetic-field-dependent energies and numbers [26] , the coexistence of the regular and extra magneto-optical selection rules [26] , the integer and non-integer quantum plateaus [38] ; the inter-Landau-level single-particle & collective excitations and the 
Concluding remarks
There exist significant differences between the twisted and sliding bilayer graphenes in the fundamental physical properties. The former and the latter are, respectively, characterized by the specific twistings with two commensurate honeycomb lattices, and the relatively displacement of two graphene layers along the armchair direction and then the zigzag one [details in Ref. [39] ]. The significant oscillation behaviors are characterized by the zeropoint number of the localized subenvelope functions on the dominant sublattice. Obviously, the rich Landau levels can be classified into the well-e, perturbed, and undefined modes, in which they, respectively, possess a specific zero point, a major and some minor zero points, and the magnetic-field-dependent ones. The second kind, closely related to the non-monotonous energy dispersions/the non-single constant-energy loops is accompanied by certain anti-crossings. Furthermore, the third kind, which mainly arises from the thorough destruction of Dirac-cone structures, lead to any anti-crossings between the first and second groups of conduction/valence Landau levels. Such a phenomenon could not survive under the twisted cases. As for the magneto-optical absorption spectra, the first, second and third kinds of Landau levels generate the ∆ n = ± 1 magneto-optical selection rules, the specific & extra ones, and the random vertical transitions with a lot of weaker absorption peaks. However, there are more Landau-level subgroups due to the specific Moire zone folding. As a result, the state degeneracy might be higher under the normal sliding, com- 
